Abstract. Let x(s), s ∈ R d be a Gaussian self-similar random process of index H. We consider the problem of log-asymptotics for the probability p T that x(s), x(0) = 0 does not exceed a fixed level in a star-shaped increasing domain T · ∆ as T → ∞. General conditions are given to guarantee the existence of the limit, lim(− log p T )/ψ T , for a slowly increasing function ψ T .
Introduction
Let x(s), s ∈ R d , x(0) = 0 be a Gaussian random process and ∆ T ∋ 0 a growing subset of R d . For many reasons it is important for applications to know the asymptotics of probability p T that x(s) does not exceed a fixed level in ∆ T , p T = P {sup x(s) < const, s ∈ ∆ T }, T → ∞
(see [2] , [4] , [8, 9] ). It has been sometimes possible to find the order of logarithmic asymptotics of p T [2] . The second (in importance) problem is the existence of the decay exponent, that is the existence of the limit
if log p T = O(ψ T ).
To our knowledge the single general fact like (2) is related to stationary processes ξ(t), t ∈ R 1 with a non-negative correlation function [2] . In this case one has lim T −1 log P (ξ(s) < u, s ∈ [0, T ]) = θ, T → ∞
with θ ∈ [0, ∞]. The main aim of this note is to find general conditions which would guarantee the existence of (2) for a self-similar process of index H (H-ss process). Self-similarity means that finite dimensional distributions of {x(λs)} and {λ H x(s)} are identical for any λ > 0. Our conditions are related to similar areas ∆ T = T · ∆ and do not require either positive correlations Ex(t)x(s) or one-dimensional time. We illustrate our result by processes closely related to the fractional Brownian motion (FBM). We recall that FBM of index H is a Gaussian process b H (t), t ∈ R d such that b H (t) = 0 and E|b H (t) − b H (s)| 2 = |t − s| 2H , 0 < H < 1.
Main results
In what follows x(s), s ∈ R d , x(0) = 0 is a H-ss continuous process and ∆ is a star-shaped domain centered at 0. The following notation will be used: M T = sup{x(s), s ∈ T · ∆} is the maximum of x in T · ∆; G T = {s : x(s) = M T , s ∈ T · ∆} is the set of positions of M T ; Z T = {s : x(s) = 0, s ∈ T · ∆} is the zero set of x(s) in s ∈ T · ∆ and S 0 = {s : Ex(s) 2 = 0} is the non-random zero set of x(s). Note that S 0 = {0} for an H-ss process with one-dimensional time.
The key observation in the analysis of (1) is that a typical trajectory of the 1-D H-ss process x(s) with small M T has its G T and Z T close to S 0 . For example, if x(s) is a Levy stable process and |x| is not a subordinator, then the position of maximum, G T , under the condition {M T < 1} has a nontrivial limit distribution as T → ∞ without any normalization [6] . Therefore the following events A T :
where U 0 is some vicinity of S 0 are considered as characteristic for the problem (1) . To specify the A T we use notation of the type A T (ξ) where ξ = M, G, Z.
Consider the one-to-one mapping
be a H-ss continuous Gaussian process and {H x , · x } the reproducing kernel Hilbert space associated with x(·) (see e.g. [3] ). If there exist a set U 0 ⊃ S 0 , elements ϕ T ∈ H x , and slowly increasing functions ψ(T ) and σ T such that
then the following limits
exist for all A T in (4) and are equal to each other.
Remarks. The condition (5d) holds for ψ(T ) and σ T of the (log T ) α , α ≥ 0 type. The conditions (5b,c) are based on Fernique's estimate for the distribution of the maximum of |x(s)| in U 0 ∩ T · ∆. If a similar bound due to Talagrand (see,e.g., [3] ) is used, then (5b,c,d) can be replaced with
The corollary below considerably strengthens (3), which has been known to apply to stationary processes with positive correlation functions. Corollary 1. Let ξ(t), t ∈ R 1 be a stationary continuous Gaussian process with zero mean and correlation function
where
exists with θ ∈ [0, ∞]. The condition (6) is fulfilled, if ξ(t) has a spectral density f (λ) such that
where K a is the cone {s : 0 < a < s 1 /s 2 < a −1 }, 0 ≤ a ≤ 1. Then the limit
exists and is nontrivial (0 < θ a < ∞) with q = 1 + 1 a=0 . 2. Consider the dual stationary sheet ξ(t) = exp(−H(t 1 + t 2 )) x(e t 1 , e t 2 ). Then
where ∆ = {t :
Remark. The relations (9) and (10) 
be the fractional Brownian motion of index H. For any star-shaped domain T · ∆ the decay exponent θ ψ (H) exists and is nontrivial with ψ = log T ; it admits of the bounds:
The conjecture is supported by the particular cases n = 0, d = n = 1 and by the degenerate case H = 1 [5] . The position of maximum of b H (s) in the ball {|s| < 1} has a continuous probability density f (|s|) [5] . The conjecture for n = 1 means that log f (r)/ log(1 − r) → −H as r → 1.
Brownian motion. Then there exist
for ∆ 0 = (0, 1) and ∆ −1 = (−1, 1); moreover for a fixed 0 < ρ < 1
Remarks. The correlation function Ex(t)x(s) is negative when t · s < 0 and 0 < H < 1/2. Therefore the existence of θ −1 is nontrivial.
The numerical simulation [7, 9] define θ 0 , θ −1 more exactly: θ 0 = H(1−H) and θ −1 = 1 − H. The symmetry of the hypothetical value θ 0 , i.e. θ 0 (H) = θ 0 (1 − H) is quite unexpected. The different character of FBM for H < 1/2 and H > 1/2 manifest itself by antisymmetry of the logarithmic correction exponent that is
where α(H) = −α(1 − H) (see more in [9] ). The analytical result [10] for H = 1/2 supports this hypothesis.
Proofs
where π(ω T ) is the Radon-Nikodym derivative of the two Gaussian measures corresponding to the processes x(·)+ϕ T (·) and x(·) on T ·∆. By the CameronMartin formula, ln π(ω T ) is a Gaussian variable with mean − ϕ T 2 x,T /2 and variance ϕ T 2 x,T where
x /2). Applying to (11) Hölder's inequality with parameters (p, q) = ((1 − ε) −1 , ε −1 ) we can continue (11):
Taking into account (5a), choose ε as follows:
The following inequality is obvious:
Lastly, for any c T > 0 one has
From the H-ss property of x(·) and similarity of domains T · ∆ we get
By (5b,c), for large enough T and c T = a ψ(T )σ T ,
with some constantc (see Fernique's estimation in [1] ). Therefore
We introduce the following notation:
By (12) and (13),
Suppose thatθ M < ∞. By (5d) and arbitrariness of 'a' in (14),
The contradicton θ M >θ M leads to the equalities in (15) and (16).
In the opposite case,θ M = ∞, instead of (13) one has θ G ≥ ac for any a. Therefore, θ ξ = ∞ for ξ = M, Z and G. ⋄ PROOF OF COROLLARY. Consider a stationary process ξ(t), t ∈ R 1 with the correlation function
The event {ξ(t) < 0, t ∈ (0, T )} has the following representation:
where T = e T and Z T = sup{s : x(s) = 0, 0 < s < T )}. Suppose ϕ T (t) has the properties (6). As an element of (H ξ , · ξ ), it admits of the following unique representation
(see, e.g., [3] ) where η T is the L 2 -limit of random variables of the type ξ(u)ψ(u) du on the norm η 2 = Eη 2 . In terms of x(·) we have
and η T is the L 2 -limit of random variables of the type
) and ϕ T (t)e tH ≥ 1 for 0 < t < T . Therefore,
Since a(s) ≥ 0,
In the case Eξ(t)ξ(0) > 0 we may use a(λ) = f (λ)/ f (0). ⋄ PROOF OF THEOREM 2. By Li and Shao [2] 
where c i > 0. In fact, the proof of this relation leads to a more general conclusion. Specifically, for the domain
where n(T ) is the number of integer points in the domain V T = {(log s 1 , log s 2 ) : (s 1 , s 2 ) ∈ V T }. Obviously, n(T ) = log T for the case a > 0. Hence we can expect nontrivial exponents with ψ(t) = log T for a > 0 and log 2 T for a = 0. Consider 0 < a ≤ 1. To apply Theorem 1 we may use U 0 = [0, 1] 2 ∩ K a , ψ(t) = log T and
Obviously, σ T in (5b,c) is a constant because E(x(s)) 2 < 1 on U 0 and δ
where s = (s 1 , s 2 ), hence (5) holds. Consider the case a = 0. Here T · ∆ 0 = [0, T ] 2 and S 0 = {s : s 1 s 2 = 0}. We will use U 0 = {s : s 1 s 2 < 1} as a vicinity of S 0 and enter the coordinates on U 0 ∩ [0, T ] 2 as follows:
One has E|x(s)| 2 ≤ 1 on U 0 . The next lemma shows that σ 2 0 (T ) in (5c) is O(log T ) and therefore (5d) holds. Lemma 1. For the fractional Brownian sheet
and
PROOF OF LEMMA 1. In the above estimate of δ 2 (h) we may use both s = (s 1 , s 2 ) and s = ( s 1 , s 2 ). Therefore, using the inequality
were w(s) is the Brownian sheet corresponding to the index H = 1/2. Consequently, it is sufficient to estimate δ 2 T (h) for w(s) only. One has
and |G| is the area of G.
If a 1 / s 1 > T , then a 2 / s 1 < 1, i.e. s 1 > δs + a 2 /T . Hence
Similarly we get the same estimate for R 2 , which proves the first part of Lemma. Using for x(·) the estimate
one has
We have integrated by parts and made the change of variables from h to u = ε/h with ε = 2T −2 . ⋄ We continue the proof of Theorem 2. Consider the random variable
.., is stationary with the correlation function
Now the first part of Theorem 2 follows from Theorem 1 with σ 2 T = log T and ψ(T ) = (log T ) 2 . To prove the second part of Theorem 2, we simply remark that the event
2 \ U 0 } in terms of the dual stationary process ξ(t) = exp(−H(t 1 + t 2 ))x(e t 1 , e t 2 ) has the form
By stationarity of ξ(t) the event
has the same probability as A T (Z). Therefore
PROOF OF STATEMENT 1. The cases ∆ = (0, 1), ∆ = {t ∈ R d : |t| < 1} were considered in [5] . They show that θ(H) is nontrivial for ψ T = log T and θ(H) = 1 − H or d for the respective cases. One has
where |∆| is the diameter of ∆ and s 0 ∈ ∆.
To prove the existence we consider the following function
where k = 2|∆|/ε, ε is a small fixed constant, and f is a finite smooth function with a support in the ε-vicinity of 0. In addition, 0 ≤ f ≤ 1 and f = 1 in the ε/2-vicinity of 0.
By definition, ϕ T (s) = 1 for ε < |s| < T · |∆| and ϕ T (0) = 0. Using the spectral representation of the reproducing kernel
Obviously, ϕ T > 1 for |s| > 1 and
and, as above,
Now we are going to evaluate θ −1 related to the interval ∆ = (−1, 1). Let c(t) be the convex hull of x(t) + t 2 /2. Thenċ(t) is a continuous increasing function and dċ(t) is a measure with support S. If t ∈ S, thenċ(t) =ẋ(t) whereẋ = FBM; t cannot be an isolated point because of the continuity oḟ c(t). If ∆ ∩ S = Ø, then
As is well known, FBM belongs to the Hölder class of index α < H. More exactly, on any finite interval [a, b] and for any ε > 0 one has |ẋ(t) −ẋ(s)| < |t − s| H−ε when |t − s| < δ(ω). Hence
On the other hand, if θ is the decay exponent for the event A T (M, (−1, 1)), then dimS ≤ 1 − θ (see [7] ). Hence
To evaluate θ 0 , note that
where ξ(t) = x(e t ) · e −(1+H)t is the dual stationary process. By Lemma 2 (see below)
for some fixed 0 < ρ < 1. Applying Slepian's lemma [3] , one has
where η(t) is the stationary process with correlation function [cosh(t/2)] −1 . Hence θ 0 = θ ξ ≥ 2a(H)θ η where θ η is the decay exponent of type (17) for the process η(t). By [2] , 2θ η ≥ 0.4. Therefore
⋄
Lemma 2. Let ξ(t) be the dual stationary process of the integrated Brownian motion of index H. Then the correlation function of ξ(t)
is nondecreasing and there exists 0 < ρ < 1 such that
for any 0 < H < 1.
Proof. By the asymptotics
the relation (19) with ρ = ρ(H) is obvious because H ∧H ≥ H ·H and
for t > t 1 .
Step 1:
Below we use the expansion
Suppose that 2H > 1. Since 2Hr 3 < 1 and x 2H−1 > x one has
In the case 2H < 1 we have
Step 2: (19) for small t. By (21), 
Here we use (22) with q = 2H + 2, N = 1 for the case 2H < 1 and q = 2H + 2, N = 2 for the case 2H > 1. 
